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Viscous boundary layers at the sidewall of a convection cell

Xin-Liang Qiu and Ke-Qing Xia*
Department of Physics, The Chinese University of Hong Kong, Shatin, Hong Kong, China

~Received 25 February 1998!

Profiles of both the mean value and the standard deviation of the local fluctuating velocity were directly
measured near the sidewall of a cubic convection cell using water as the working fluid. Scaling laws with the
Rayleigh number Ra for various boundary layer quantities have been established over the range of Ra from
108–1010 and were found to be substantially different from those near the horizontal conducting plates where
large temperature gradients exist. This in turn signifies the interplay between the temperature and the velocity
fields at the horizontal plates. The length scale associated with the root-mean-square velocity is found to be
analogous to the thickness of the wall layer, while the length associated with the mean velocity is analogous to
the thickness of the boundary layer, in conventional wall-bounded shear flows. Our measurements also reveal
that the large-scale circulation is quite uniform over a large region on the sidewall plate.
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I. INTRODUCTION

Several recent experiments shed new light on the na
of turbulent convection@1–4#. An important discovery in
these studies is the observation of a new turbulence reg
in Rayleigh-Bénard ~RB! convection @1,2#. This so-called
hard-turbulence state occurs when Ra is greater tha
3107 and is characterized by~i! a scaling relation betwee
the Nusselt number~the dimensionless heat flux! and the
Rayleigh number with a nonclassical exponent, i.e.,
;Ra2/7, ~ii ! the exponential form of the probability densi
function for temperature fluctuations at cell center, and~iii !
the existence of a coherent circulation that spans the he
of the convection cell~the so-called large-scale circulation!.
It has been widely recognized that the thermal and visc
boundary layers near the upper and lower surfaces of the
play an important role in determining the heat flux and te
perature statistics in the hard turbulence regime@4–6#. Re-
cently, we have carried out direct velocity profile measu
ments near the bottom plates in four convection cells
cylindrical shape, with a combined range of Ra that sp
from 106 to 1011 @7,8#. Our results show that the mean valu
and the standard deviation of the fluctuating velocity ha
the same scaling behavior outside the boundary region
have quite different behavior inside the boundary la
where large temperature gradient exists. The measurem
also suggest that the thermal boundary layer has a stro
effect on velocity fluctuations than it does on the mean
locity @8#.

To further study the interplay between the velocity a
the temperature fields in the boundary layer region, we h
undertaken to measure the velocity boundary layer prope
near the sidewall of a convection cell. The purposes for m
suring the velocity field near the sidewalls are twofold. Fir
the shear and the viscous layer at the insulating sidewalls
at the conducting surfaces are created essentially by the s
large-scale circulation@3,7#, but the steep temperature grad
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ents ~thermal boundary layers! existing at the upper and
lower surfaces are absent at the sidewalls. Thus, a comp
tive study of the viscous boundary layer properties at
sidewall and at the conducting surface will provide insig
into the interplay between the thermal and velocity field
Secondly, measurements of the velocity field at different
cations of the convection cell will provide us with a mo
detailed picture on the spatial structures of the large-sc
circulation and the flow field in the cell. The first velocit
measurements at the sidewall in the hard turbulence reg
was done by Sano, Wu, and Libchaber@3# in low-
temperature helium gas, which was accomplished by de
mining the time delay in temperature signals from a pair
bolometers. Using this method, these authors obtained
magnitude of the large-scale circulation and its scaling w
Ra. By placing the bolometer pair at varying distances fr
the wall, they were also able to obtain a qualitative behav
for the profile of the vertical mean velocity. However, b
cause of the nature of the technique it was not possible
them to obtain velocity profiles with sufficient precision an
resolution such as the associated boundary layer quan
~shear rate, viscous layer thickness! can be extracted.

We present below results from direct measurements of
velocity profiles at the sidewall of a cubic cell with the Ra
leigh number~Ra! varying from 108 to 1010 using water as
the working fluid. Measurements were also made at vari
locations on the sidewall plate both along and perpendic
to the vertical mean flow direction.

The rest of the paper is organized as follows. In Sec.
we give detailed descriptions of our convection cell and
method used for local velocity measurements. The exp
mental results are presented and analyzed in Sec. III.
summarize our findings and conclude in Sec. IV.

II. EXPERIMENT

The convection cell is a cube of dimensionL525 cm, the
aspect ratio is thus 1. The upper and lower plates were m
of copper and their surfaces were gold plated. The sidew
of the cell is formed by gluing together four transpare
486 © 1998 The American Physical Society
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Plexiglas plates. The top and bottom plates and the side
were held together by stainless steel posts with Teflon s
ers at the eight corners. The temperature of the upper p
was regulated by passing cold water through a cooling ch
ber fitted on top of the plate. To ensure uniform temperat
distribution across the plate, spiral channels have been cu
the back of the top plate so that incoming and outgoing wa
pass each other inside the plate. The lower plate was he
uniformly at a constant rate with an imbedded film heat
The temperature differenceDT between the two plates wa
measured by four thermistors imbedded inside them, two
each one. The measured relative temperature difference
tween two thermistors in the same plate was found to be
than 1% for both plates at all Ra, indicating that the te
perature was uniform across the horizontal plates. The c
trol parameter in the experiment is the Rayleigh number
5agL3DT/nk, with g being the gravitational acceleration
L the height of the cell, anda, n, and k being, respec-
tively the thermal expansion coefficient, the kinematic v
cosity, and the thermal diffusivity of water, which was us
as the convecting fluid. During our experiment, the aver
temperature of water in the convection cell was kept n
room temperature and only the temperature difference ac
the cell was changed. In this way, the variation of the Pran
number Pr5n/k was kept at a minimum (Pr.7).

The technique ofdual-beam incoherent cross-correlatio
spectroscopy@9# was used to measure the mean value and
standard deviation of the local fluctuating velocity in t
convection cell. Since the technique and its application
RB convection have been well documented elsewh
@9,7,8#, we give only a brief description below.

The principle of the technique is simple — it involve
measuring the time for a small seed particle having a ve
ity v in the flow field to cross two parallel laser beams
succession. The two laser beams have different colors
are separated by a known distancel (;0.1 mm). Experi-
mentally, this transit time, or delay time, is determined fro
the intensity cross-correlation function

gc~ t !5
^I b~ t8!I g~ t81t !&

^I b~ t8!&^I g~ t8!&
511bGc~ t !, ~1!

where I b and I g are the scattered light intensities from th
two parallel beams, andb(<1) is an instrumental constan
In our experiment, the two beams are the blue light and
green light from an argon-ion laser operated under the m
tiline mode. Because there is no phase coherence betweI b
and I g , the functiongc(t) is sensitive only to the scatterin
amplitude fluctuations produced by the seed particles mov
in and out of the scattering volumes. Since the separa
between the two laser beams is smaller than the typical
of thermal fluctuations, the associated refractive index fl
tuations will not cause significant changes in the beam se
ration. With a large acceptance angle of the receiving opt
small amplitude beam wandering in the convecting fluid w
also not affect the measurement ofgc(t). For a turbulent
flow with the probability density function~PDF! P(v) of the
local velocity v assumed to be of a Gaussian,Gc(t) in Eq.
~1! has the form@7#
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Gc~ t !5
e2~v0t2l !2/[ r 0

2
12~st !2]

NA112~st/r 0!2
, ~2!

wherer 0 is the radius of the beams,N the average number o
seed particles in the scattering volume, andv0 and s are,
respectively, the mean value and the standard deviatio
the fluctuating velocity.

During the experiment, the convection cell sat on top o
three-dimensional translation stage~precision 0.01 mm!, so
that the relative position between the laser beams and
sidewall can be easily adjusted. By fitting Eq.~2! to the
measured cross-correlation function, the mean valuev0 and
the standard deviations of the local velocity PDFP(v)
were obtained. It is found that the measuredGc(t) at differ-
ent values of Ra can all be fitted well by Eq.~2!, indicating
that the velocity PDF is indeed of Gaussian form as was
case in the cylindrical cell@7,8#.

To determine the direction of the large-scale circulati
~LSC!, we employed the following method. After the con
vective motion was fully established, a thin stainless st
tube ~diameter;1 mm) with a very light string attached t
its end is inserted into the convection cell; near the horiz
tal plate of the cell, the flow is unidirectional, so the strin
follows the flow and indicates its direction. Using th
method, we have verified that the LSC in the cubic cell
indeed along the diagonal directions near the top and bot
plates as was observed by Zocchiet al. @10#.

III. RESULTS AND DISCUSSION

For ease of presentation and discussion, we first define
coordinate system for the experiment. As is shown in Fig
the origin of our Cartesian coordinates is at the center of
of the sidewall plates of the cell. The arrows indicate t
flow direction of the LSC. In the experiment, the two paral
laser beams were shone through the cell along thex axis with
their plane parallel to the sidewall plateABCD. The mea-
sured velocity profile is then the vertical velocityvz ~hereaf-
ter simplyv) as a function of the distancey from the side-
wall.

As a characterization of the cubic cell, we show first
Fig. 2 the measured Nusselt number as a function of
~squares!, those measured from an aspect-ratio-1 cylindri
cell ~circles! are also shown here for comparison. Since

FIG. 1. Schematic drawing of the coordinate system and
large-scale circulation in the convection cell.
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cylindrical cell also uses water as the convecting fluid~i.e.,
the same Pr!, the fact that the two data sets fall on top
each other suggests that the total heat transport is inde
dent of the geometric shape of the cell as long as the as
ratio is the same. The solid line in the figure is a power-l
fit of Nu 50.19 Ra0.2860.01 to the combined data set, and th
scaling exponentb(.0.28) is in excellent agreement wit
most experimental results from various fluid systems a
cells.

Figure 3 shows a typical vertical velocity profilev(y)
~dots! and the corresponding standard deviation@the rms
value of velocity fluctuationss5^„v2^v&…2&1/2, hereafter
simply referred to as rms velocity# profile s(y) ~circles!
measured at Ra55.773109. To allow for close examination
of the boundary layer region, only the near-wall portion
the profiles are shown in Fig. 3. The complete profiles h
the same general features as the ones measured near th
tom plate of a cylindrical cell@7,8#. From the measured ve
locity profile, three boundary layer quantities can be e
tracted. As is shown in Fig. 3, a linear function with ze
intercept~nonslip boundary condition! can be well fitted to
the initial part ofv(y), with the slope of the line being th
shear rategv . The thicknessdv of the viscous boundary
layer is defined as the distance at which the extrapolatio
the linear part ofv(y) equals the maximum velocityvm
~which is the speed of the large scale circulation@3,7#!, or

FIG. 2. Measured Nusselt number vs Rayleigh number in
cubic cell ~squares!, and those from an aspect-ratio-1 cylindric
cell ~circles!. The solid line is a power-law fit: Nu50.19 Ra0.28.

FIG. 3. The mean valuev ~dots! and the rms velocitys ~circles!
of the fluctuating vertical velocity as functions of the distancey
from the sidewall measured at Ra55.773109. See text for the
meaning of the solid lines and other symbols.
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simply dv5vm /gv . As in Ref. @8#, if we takes as a char-
acteristic velocity scale, then another set of viscous bound
layer quantitiesgs , sm , and ds can also be defined an
obtained from the rms velocity profiles(y) as depicted in
Fig. 3, where the slope for the linear part ofs(y) is gs , and
ds5sm /gs . It is seen from Fig. 3 that the two viscou
boundary layer length scales,dv and ds , are very close to
each other, which is different from the situation near t
bottom plate of the cylindrical cell@8#. We will see below
that the Ra dependence of the two length scales is also
ferent from those obtained at the conducting plates. For
present Ra (55.773109), the values for the two length
scales aredv52.69 mm andds52.16 mm.

The measured velocity profiles also have an invari
form, i.e., v(y) for different Ra all collapse onto a singl
curve, oncev(y) is scaled by the characteristic velocityvm
and the distancey is scaled bydv . Figure 4~a! shows a few
typical scaled profiles for four values of Ra. This invarian
in functional form is also found for the profiles of the rm
velocity s(y) when it is scaled bysm andy scaled byds as
shown in Fig. 4~b! for the same set of Rayleigh number
Thus the velocity profiles near the sidewall and near the h
zontal plate all have invariant forms. We also found th
v(y) measured at different positions along the mean fl
direction~i.e., at variousz) are invariant, but those measure
at differentx ~perpendicular to the mean flow! could not be
scaled to fall onto a single curve.

We now look at the positional dependence ofvm and
other boundary layer quantities along the directions ofx and
z, i.e., streamwise and spanwise along the sidewall. Fig
5~a! shows the variation ofvm ~circles! and the correspond
ing maximum rms velocitysm ~dots! in the x direction at
mid-height of the cell (z50), Fig. 5~b! shows the shear rat
gv ~circles! and the correspondinggs ~dots!. It is seen that
none of the quantities showed significant change ove
range of x extending roughly one-half of the plate (L/2
5125 mm). In Fig. 6, we show the same quantities m
sured along thez direction, and no appreciable changes a
seen for the maximum velocity and rms velocity in this d
rection either. But the shear rate seems to decay starting f
the mid-height, this can be understood by the fact that

e

FIG. 4. Scaled mean velocity~a! and the corresponding rm
velocity ~b! profiles measured at four different values of Ra.
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vertical mean flow starts turning into a horizontal one as
approaches the bottom plate and therefore reduces its s
on the sidewall. The corresponding viscous boundary la
length scalesdv5vm /gv and ds5sm /gs along the direc-
tions of x andz reflect the behavior of the velocity and th
shear rate, as shown in Figs. 7~a! and 7~b!, respectively. The
results shown in Figs. 5, 6, and 7 suggest that the large-s
circulation is quite uniform over a large region on the sid
wall plate, and also imply that the LSC has a substan
spatial extend.

We discuss now the Rayleigh number dependence of
various quantities extracted from the mean velocity and
velocity profiles. The results presented below are all fr
measurements made atz50 ~mid-height! and x550.8 mm.
Ra-dependence measurements were also made atz50 and
x576.2 mm, and similar results were obtained. Taking
Péclet number Pe(5vmL/k) as the dimensionless characte
istic velocity, we plot in Fig. 8 Pe as a function of R
~circles!, also plotted is the dimensionless maximum rms
locity smL/k of the fluctuating velocity~squares!. The upper

FIG. 5. Variations along the horizontal (x) direction ~perpen-
dicular to the mean flow! of the maximum mean velocity and shea
and the corresponding quantities for the standard deviation~all at
Ra52.753109). ~a! vm ~circles! andsm ~dots!; ~b! gv ~circles! and
gs ~dots!.

FIG. 6. Variations along the mean flow (z direction! of the
maximum mean velocity and shear, and the corresponding qu
ties for the standard deviation~all at Ra53.343109). ~a! vm

~circles! andsm ~dots!; ~b! gv ~circles! andgs ~dots!.
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solid line represents a power-law fit of Pe50.36 Ra0.5060.02

and the lower solid line is a power-law fit ofsmL/k
51.4 Ra0.3860.01. Thus, the Pe´clet number has the same sca
ing exponent at both the sidewall and the bottom pla
whereas smL/k shows a quite different behavio
(smL/k;Ra0.5 near the horizontal plate! @8#. This difference
in scaling behavior reflects the influence of the therm
boundary layer~and the associated large temperature fluct
tions! existing at the horizontal conducting plates. In Fig.
we show the dimensionless shear rategvL2/k as a function
of Ra ~circles!. The solid line there is a fit ofgvL2/k
5(0.1060.02)Ra0.7660.01. The squares in Fig. 9 represe
the scaled gradient~or ‘‘shear rate’’! for the rms velocity,
gsL2/k and the dashed line represents the power-law
gsL2/k53.131022 Ra0.7660.02.

We now present and discuss the various boundary la
length scales. Figure 10 shows the scaling behavior of
nondimensional length scalesdv /L5Pe/(gvL2/k) ~circles!
andds /L5(smL/k)/(gsL2/k) ~squares! obtained from the
mean velocity and the rms velocity profiles, respectively
is interesting to note that the two length scales are cros

ti-

FIG. 7. Variations of the two viscous boundary layer leng
scales,dv and ds , along the horizontal~a! and the vertical~b!
direction, respectively.

FIG. 8. Ra dependence of the Pe´clet number Pe~circles! and the
dimensionless rms velocitysmL/k ~squares! for the vertical mean
flow near the sidewall. The solid line is power-law fit: P
50.36 Ra0.5060.02 and the dashed line:smL/k51.4 Ra0.3860.01.
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490 PRE 58XIN-LIANG QIU AND KE-QING XIA
over at Ra.109, however, due to error propagation the da
are more scattered than the maximum velocity and the s
rate, with which the length scales are derived. The solid
in Fig. 10 is a power-law fitdv /L53.6 Ra2(0.2660.03), and
the dashed lineds /L543 Ra2(0.3860.03).

We summarize in Table I the values of the scaling ex
nents for the various quantities measured at the sidewall,
the corresponding exponents measured at the bottom pla
the same cell@11# ~which are identical to those obtained
the bottom plate of a cylindrical cell@7,8#!. It is seen that
exceptvm , all the other quantities have different exponen
at the two places. The fact thatvm has the same scalin
exponent at both the sidewall and the horizontal plate is
pected, as it is the speed of the large-scale circulation. H
ever, the shears produced by the LSC at the two places
quite different, reflecting the influence of the large tempe
ture gradient at the bottom plate. This also results in
difference in the scaling behavior of the viscous bound
layer thickness at the two places. For the maximum rms
locity and the associated length scale, the scaling behavi
quite different. This is consistent with our earlier findings
the bottom plate of the cylindrical cell that the therm
boundary layer has stronger effect on velocity fluctuatio
than it has on the mean velocity, and thatds is the length

FIG. 9. The scaled shearsgvL2/k ~circles! and gsL2/k
~squares! vs Ra. The solid line represents power-law fitgvL2/k
50.1 Ra0.7660.01 and the dashed line gsL2/k53.131022

Ra0.7660.02.

FIG. 10. The nondimensional viscous boundary layer len
scalesdv /L ~circles! and ds /L ~squares! as functions of Ra. The
solid line is a power-law fitdv /L53.6 Ra2(0.2660.03), and the
dashed lineds /L543 Ra2(0.3860.03).
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scale over which the temperature and velocity field
coupled to each other@8#. It is also interesting to note that th
scaling exponent ofgs is twice that forsm , which suggests
that ds is the length scale associated with the wall layer~or
surface layer! in a conventional wall-bounded shear flo
such as in pipes or open channels, i.e.,gs;sm

2 /n @12#. On
the other hand, ifdv is taken as the usual boundary lay
thickness for a wall-bounded shear flow, then we sho
havedv..ds , which is clearly not the case in our system
This means there is little range here for the inertial sublay
and the associated logarithmic profile, found in wa
bounded shear flows. In this respect, the viscous layer at
sidewall is similar to that at the horizontal conducting pla
@6,7#. This means that although the viscous boundary laye
the sidewall possesses certain features the same as tho
wall-bounded shear flows, it is not isolated from other pa
of the convection cell and is therefore subject to the infl
ence of the global temperature field~heat flux, plumes, etc.!,
which is absent in a pure shear flow.

Please note that the relationgs;sm
2 /n does not hold at

the conducting plate. This in turn indicates that, because
the strong coupling between the temperature and the velo
fields, the viscous layer at the horizontal conducting pl
cannot be treated as a conventional boundary layer, whic
contrary to one of the assumptions made in a model of h
turbulence@5#.

IV. CONCLUSION

We have made velocity measurements near the side
of a cubic convection cell using water as the working flu
Our measurements show that the large-scale circulatio
quite uniform over a substantial region on the sidewall pl
in the directions both along and perpendicular to the flo
The profiles for the mean velocity and the rms value of v
locity fluctuations all show invariant forms for different Ray
leigh number. The measurements made with varying Ra
veal that the thermal layer has a strong influence on
viscous boundary layer quantities~such as shear!, while out-
side the boundary layer region, the velocity field is n
strongly influenced. The results also confirmed our ear
findings that temperature fluctuations and velocity fluctu
tions are strongly coupled together. In addition, the len
scaleds for the rms velocity is found to be analogous to t

TABLE I. Scaling exponents with the Rayleigh number for th
maximum velocityvm , the maximum rms velocitysm , the shear of
the mean velocitygv , the shear of the rms velocitygs , the viscous
boundary layer thicknessdv , and the length scale defined by th
rms velocityds . Exponents for the measured quantities at both
sidewall and the bottom plate are listed.

Exponents of Sidewall Bottom plate

vm 0.5 0.5
sm 0.38 0.5
gv 0.76 0.66
gs 0.76 0.75
dv 20.26 20.16
ds 20.38 20.25

h
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thickness of the wall layer~while the lengthdv for the mean
velocity is analogous to the thickness of the boundary lay!
in wall-bounded shear flows. The important difference is t
in the convection case there is little range for the iner
sublayer associated with a conventional shear flow.
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